


Chapter 5 


CONTINUITY AND 


DIFFERENTIA BILITY 


5.1 Overview 





5.1.1 Continuity of a function at a point 


Let f be a real function on a subset of the real numbers and let c be a point in the 
domain of f. Then fis continuous at c if 


lim f G9 f (o) 


More elaborately, if the left hand limit, right hand limit and the value of the function 
at x = c exist and are equal to each other, 1.e., 


lim f (x)= f (c)- lim f (x) 


then f is said to be continuous at x = c. 


5.1.2 Continuity in an interval 


(1) fis said to be continuous in an open interval (a, b) if itis continuous at every 
point in this interval. 


(11) fis said to be continuous in the closed interval [a, b] if 


€ f iscontinuous in (a, b) 


e lm fw=f@ 


xa 


e lm f(x) =f(d) 


xb 
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5.1.3 Geometrical meaning of continuity 


(1) Function f will be continuous at x = c if there is no break in the graph of the 


function at the point (c, f (c)). 


(ii) In an interval, function is said to be continuous if there is no break in the 
graph of the function in the entire interval. 


5.1.4 Discontinuity 


The function f will be discontinuous at x 2 a in any of the following cases : 
(i) m f(x) and am f(x) exist but are not equal. 


am f(x) exist and are equal but not equal to f (a). 


i) Hm f(x) and 
(un) f(a) 1s not defined. 


5.1.5 Continuity of some of the common functions 


Function f (x) Interval in which 
f is continuous 


1. The constant function, i.e. f(x) 2c 
2. The identity function, i.e. f(x) =x R 
3. The polynomial function, i.e. 


= -1 
fœ) ax +a x" +..¢a xa, 


4. Ix- al s 

5. x", n is a positive integer (—co ,œ )— {0} 

6. p (x) / q (x), where p (x) and q (x) are R-(x:q(x)20] 
polynomials in x 

7. sin x, cos x R 

8. tan x, sec x R-(2n*D y:ne Z) 


9. cot x, cosec x R- | (nt: ne Z} 
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10. e* R 

11. log x (0, œ ) 

12. The inverse trigonometric functions, In their respective 
i.e., sin! x, cos! x etc. domains 


5.1.6 Continuity of composite functions 


Let f and g be real valued functions such that (fog) is defined at a. If g is continuous 
at a and fis continuous at g (a), then (fog) 1s continuous at a. 


5.1.7 Differentiability 
n4 (x+ -- f (x) 


The function defined by f’ (x) = 0———— wherever the limit exists, 1s 


defined to be the derivative of P at x. In ve words, we say that a function f is 


DIU f(c) 


differentiable at a point c in its domain if both lim —— — — —., called left hand 


uu . f(cth)— f (c) ae 
derivative, denoted by Lf’ (c), and lim ^», ^! called right hand derivative, 


denoted by R f’ (c), are finite and equal. 


(1) The function y =f (x) is said to be differentiable in an open interval (a, b) if 
it is differentiable at every point of (a, b) 


(ii) The function y —f (x) 1s said to be differentiable in the closed interval [a, b] 
if Rf (a) and L f (b) exist and f (x) exists for every point of (a, b). 


(uj) Every differentiable function is continuous, but the converse is not true 
5.1.8 Algebra of derivatives 


If u, v are functions of x, then 


, d EY) du dv 4 yy)= ,dv du 
Ow uad QU de m 
du dv 


(ii) eee a 


2 
dx\ v y 
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5.1.9 Chain rule is a rule to differentiate composition of functions. Let f= vou. If 
df dv dt 


db na ie ist then — — —. — 
t = u (x) and bot F? an di exist then d ae 


5.1.10 Following are some of the standard derivatives (in appropriate domains) 




















] —] 

1. a sin“ x)= 2. 2 estu 

dx 1-x dx 1-x 

d —1 1 d —] -1 
. — (tan x)= 4. —(cot x)= 
a 14- x^ 2 ) 14x 

—.(sec x)- |x|»1 
De v xl T | 

—] 

6 a NN x|>1 
"dx |x| x=l 


5.1.11 Exponential and logarithmic functions 


(1) The exponential function with positive base b > 1 is the function 
y =f (x) 2 b*. Its domain is R, the set of all real numbers and range is the set 
of all positive real numbers. Exponential function with base 10 is called the 
common exponential function and with base e is called the natural exponential 
function. 


(11) Let b> 1 be areal number. Then we say logarithm of a to base b is x if b*=a, 
Logarithm of a to the base b is denoted by log, a. If the base b = 10, we say 
itis common logarithm and if b = e, then we say it is natural logarithms. logx 
denotes the logarithm function to base e. The domain of logarithm function 
is R*, the set of all positive real numbers and the range is the set of all real 
numbers. 


(i) The properties of logarithmic function to any base b > 1 are listed below: 


1. log, (xy) = log, x + log, y 


x 
2. log, B - log, x - log, y 
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3. log, x" =n log, x 
log, x 
4. log; x= log, b ' where c > 1 
1 


E E ~ log D 
6. log, b = | and log, 1 =0 


d 
(iv) The derivative of e* w.r.t., x is e* , i.e. "E e” . The derivative of logx 
xX 


it. d 1 
W.Lt,xis ~; i.e. — (logx)--. 
x dx x 


5.1.12 Logarithmic differentiation is a powerful technique to differentiate functions 
of the form f (x) = (u (x))'9?, where both f and u need to be positive functions 
for this technique to make sense. 


5.1.13 Differentiation of a function with respect to another function 


Let u =f (x) and v = g (x) be two functions of x, then to find derivative of f(x) w.r.t. 


du 
to g (x), 1.e., to find — , we use the formula 


dv 
du 
du _ dx 
dv dv . 
dx 


5.1.14 Second order derivative 


d(dy| d 
z (2 = E is called the second order derivative of y w.r.t. x. Itis denoted by y^ or 
y , if y - f (x). 


5.1.15 | Rolle’s Theorem 


Let f: [a,b] — R be continuous on [a, b] and differentiable on (a, b), such that f (a) 
= f (b), where a and b are some real numbers. Then there exists at least one point c in 
(a, b) such that f’ (c) = 0. 
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Geometrically Rolle’s theorem ensures that there is at least one point on the curve 
y =f (x) at which tangent is parallel to x-axis (abscissa of the point lying in (a, b)). 


5.1.16 Mean Value Theorem (Lagrange) 
Let f: [a, b] — R be a continuous function on [a, b] and differentiable on (a, b). Then 


-— f (b)- f (a) 
there exists at least one point c in (a, b) such that f. (c) = bog ^ 


Geometrically, Mean Value Theorem states that there exists at least one point c in 
(a, b) such that the tangent at the point (c, f (c)) 1s parallel to the secant joining the 


points (a, f (a) and (b, f (b)). 
5.2 Solved Examples 
Short Answer (S.A.) 


Example 1 Find the value of the constant k so that the function f defined below is 


] - cos 4x 
continuous at x = 0, where f (x) = (ww 0. 
xX 


k, x=0 


Solution Itis given that the function fis continuous at x = 0. Therefore, lim f(x) =f(0) 


l—cos4x — 


B Em 8x? i 
2sin? 2x 
> P EM 
E 2 
m lim sin 2x 2k 
x0 2x 
— k=1 


Thus, fis continuous at x =Oifk=1. 
Example 2 Discuss the continuity of the function f(x) = sin x . cos x. 


Solution Since sin x and cos x are continuous functions and product of two continuous 
function is a continuous function, therefore f(x) = sin x . cos x is a continuous function. 
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x +x -16x+20 
Example 3 If f(x)= (x-2) is continuous at x = 2, find 
k ,x=2 
the value of k. 
Solution Given f (2) = k. 


3 2 
Now, lim f(x)= lim f (x) =lim2 1% 16 * 20 
x32 x32" x22 (x z 2) 

00 (x+5(x-27 
lim ——..— 
x>2 (x-2) 

As f is continuous at x = 2, we have 
lim f(x) - f Q) 

— k= 7. 

Example 4 Show that the function f defined by 


= lim(x+5)=7 


. 1 
xsin—,x #0 
f (x)= X 
0, x=0 
is continuous at x = Q. 
Solution Left hand limit at x 2 0 is given by 


: | 1 
lim f(x)= lim xsin— = 0 [since, -1 « sin — « 1] 
xo X X 


x0 
o. : z 1l 
Similarly lim fx)- lim {Ses 0 . Moreover f (0) = 0. 
Thus lim (x)= lim f (x) 7 f (0) . Hence fis continuous at x = 0 
Example 5 Given f(x) = PEE Find the points of discontinuity of the composite 
function y = f [f(x)]. 


l 
Solution We know that f (x) = ad is discontinuous at x = 1 


Now, for x #1, 
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1 l x-1 
= ——— dl d — 
f (f G)) [Au E 
x-1 


which is discontinuous at x = 2. 
Hence, the points of discontinuity are x = 1 and x = 2. 











, for all x e R. Discuss the derivability of f(x) at x = 0 


Or 
f) x ,if x20 
Solution Wi it x)= 
olution e may rewrl e f as ge 3 
2 
Now Lf’ (0) = im LETT lim" = lim- 1-0 
h0 h0 


lim I- lim h=0 


h> hf h—07 


Now Rf" (0) = am, nid 


Since the left hand derivative and right hand derivative both are equal, hence f is 
differentiable at x = O. 


Example 7 Differentiate \/tan Vx W.r.t. x 


Solution Let y= ,/tan./x . Using chain rule, we have 


dy 
dy NED tan od 
dx 9 tan A x dx 


upon 


— — ——— (sec^ Vx ( 


MD x) 


(sec? Vx) 
E AN x tan Vx ` 


d 
Example 8 If y = tan(x + y), find - 


Solution Given y = tan (x + y). differentiating both sides w.r.t. x, we have 
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dy D d 
— = SEC (x+ — (x+ 
d ( ») x y) 


dy 
= sec? (x + y) (142) 


d 
or [1 — sec? (x + y] ^ sec? (x + y) 


dy | sec? (x+y) 


Therefore, = — cosec? (x + y). 


dx 1-sec? (x+ y) 
Example 9 If e+ e = e", prove that 


soi 


dx 
Solution Given that e* + e' = e. Differentiating both sides w.r.t. x, we have 


e + "2 — e? a2) 
dx d 


—X 


X 
d 
or (8 — erp) = P- æ, 
dx 
dy e-e e+e -e* - 
which implies that — ^ ; ^, ^". . .--e 
p dx C-e” eze 


Example 10 Find o” if y = tan "B NE 


d 1—-3x* 
ES! T 
Solution Put x = tang, where E «0« c 


1—3tan^ 0 
= tan! (tan3 0) 


3tan 0—tan^ 0 
Therefore, Y*MaD | 4 5. 2a 


3 b =" 230<~ 
= 36 (because ) 5? 


= tanx 
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dy _3_ 
dx 1+x’ 


d 
Example 11 If y = sin” [x17 x o 1-2" } and 0«x« 1, then find E 
Solution We have y = sin"! [xt xx i- | , Where 0 « x « l1. 


Put x =sinA and x = sinB 


Hence, 


Therefore, y = sin! [sin AN1-sin* B —sin By1- sin? Al 


= sin”! [sin A cos B —sin Bcos A} 


= sin! {sin(A - B)] = A- B 





Thus y=sin'x— sin! Jx 
Differentiating w.r.t. x, we get 
—— MM RÓ 
dx d. 2 fix 
i i-o) 
1 1 


NIE x MK 


o, dy T 
Example 12 If x = a sec?’ and y =a tan?0, find at art 
Solution We have x = a sec? 9 and y =a tan? g. 
Differentiating w.r.t. 9, we get 


dx _ 2, sec? (Ne 0)-3asec^ 0tanO 
dO dO 


dy 2 d 2 2 
—=3a tan“ 0—— (tan 0) 23a tan* Osec* O 
and dB 70 ) 


dy 
dy gg 3atan*Osec°@ tanO . 
——— MM a IO — sin O 
Thus dx dx  3asec'OtanO  secO 
dO 
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dy 
Hence, ae uo" 


| 
un 
nen 
5 

w |a 
Il 


log x 
Example 13 If x = e”, prove that a d +log x)?’ 


Solution We have x’ = e*? . Taking logarithm on both sides, we get 


ylogx=x-y 
ES y(1+logx)=x 
. x 
s. Y= 1+log x 


Differentiating both sides w.r.t. x, we get 


(1+log x).1— x z 
dy _ x) logx 


dx (I-logx (1+ log x)? _ 


d^y COS X 
Example 14 If y= tanx + secx, prove that dà = O 


Solution We have y = tanx + secx. Differentiating w.r.t. x, we get 








dy 
— = sec?x + secx tanx 
dx 
1 ( sin x l+sinx 1+sin x 
cos^x cos x cosx  (l-sinx)(l-sinx)' 





dy 1 


Now, differentiating again w.r.t. x, we get 


d^y -(-cos x) COS X 


dx) (—sinx)* (1—sin x) 


31 
Example 15 If f (x) = Icos xl, find f ’ (=) ; 
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T 
Solution When 2 « x « T, cosx < 0 so that Icos xl = — cos x, 1.e., f (x) = cos x 


=> f’(x)=sin x. 
3 ] 
Hence, f’ (=) = sin (=) =F 
T 
Example 16 If f (x) = Icos x — sinxl, find f’ B 


T 
Solution When 0 « x « 4 , COS x > sin x, so that cos x — sin x > O, 1.e., 


f (x) = cos x — sin x 


= f'(x)-2-sinx-cos x 
T T T 1 
^|—|[2—Sin— — ee 1+ 3 
Hence f B sin —cos- 2! 43). 


TU 
Example 17 Verify Rolle's theorem for the function, f (x) = sin 2x in D d 


T 
Solution Consider f (x) 2 sin 2x in D d . Note that: 


T 
(1) The function f is continuous in D z ,as f is a sine function, which is 


always continuous. 


T T 
(11) f’ (x) = 2cos 2x, exists in (o z) , hence f is derivable in ul 


(111) f (0) = sinO = 0 and f (=) =sint=0 >f/f(0)= f (=). 


T 
Conditions of Rolle’s theorem are satisfied. Hence there exists at least one c € (o z) 


such that f “(c) = 0. Thus 


2 cos 2c = 0 = Jes 


Nila 
C 
II 
Aja 
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Example 18 Verify mean value theorem for the function f (x) = (x — 3) (x — 6) (x - 9) 
in [3, 5]. 

Solution (1) Function f is continuous in [3, 5] as product of polynomial functions is a 
polynomial, which is continuous. 

(ii) f'(x) = 3x? — 36x + 99 exists in (3, 5) and hence derivable in (3, 5). 

Thus conditions of mean value theorem are satisfied. Hence, there exists at least one 
c € (3, 5) such that 


foL 
8—0 
= 3c? — 36c + 99 = —— =4 


2 


13 
= 6tj—. 
=> € 3 


13 
Hence c=6— E (since other value is not permissible). 


Long Answer (L.A.) 
J/2 cos x-1 2 T 
Example 19 If f (x) = cot 9 4 
T l T 
find the value of f 4) 8° that f (x) becomes continuous at x — 4 


J2 cos x-1 T 
— m. "ns ^ 


Solution Given, f (x) = Y seil" 


i . J2 cos x —1 
Therefore, = f= in Bu 


= cotx-l 
4 4 


(V2 cos x- 1)sinx 
= œ" —cosx-sinx — 
4 
(V2 cos x-1) (V2 cos x+1) (cos x+ sin x) 


lim =. ————— —S 4 — ssi 
= gee [V2 cos x+ 1) (cos x— sin x) (cos x sin x) i 
4 
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2 A 
2cos°x-l cosx+sinx ,. 
x 


-r ~ 
= xt cos’ x—sin^ x V¥2cosx+l 





.  cos2x | cos xt sin X 
lim | -= —— _ | (sin x) 
ot cos 2x J2.cos x41 


(cos Xx+ sin x) 


im sin X 
m i J2.cos x+1 





Thus, 


m\ l T 
If we define f E H , then f (x) will become continuous at X E . Hence for f to be 


l T T 1 
continuous at *=—, TIS 1 - 


4 4j 2 
x] 
< if x#0 
Example 20 Show that the function f given by f= e* 41 
0, if x=0 


is discontinuous at x = Q. 


Solution The left hand limit of f at x = 0 is given by 


1 


X 0-1 
lim f (x)= lim — mc 
x0 x0 = 


+] 
ex+] 
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l 


*—] 
lim f(x)= lim —— 
x 0° x90 L 





Similarly, 
ex+] 
1 
l--7 E 
lim —€— p. =e" Teg 
zi lim E 
=o 1 20$ 2 149 
£ l+e* 
ex 


Thus n f (x) £lim f (x), therefore, lim f (x) does not exist. Hence f is discontinuous 
x 


x0* x0 
at x = 0. 
]l-cos4x . 
— —,if x<0 
X 
a „if x=0 


Example 21 Let f (x) = 
ANF Ao 
16+Vx -4 
For what value of a, fis continuous at x = 0? 
Solution Here f (0) = a Left hand limit of fat O is 
1—cos4x 2sin* 2x 


lim f (x)= lim —,—— = lim 3 
x0 x0 X x0 X 


2x0. 


2 
2 lim (252) -8(19-8 

2x i 07 
and right hand limit of f at O is 


Vx 
lim f (x)= lim ————— 
x0 x0 16+ Jx —4 


Vx Q6 A x +4) 
= nS e 
x20 C 16--A/ x +4) Q/164- A x —4) 
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= =8 


lim Vx GI x +4) [16+ Vx +4) _ lim [Vie ea 


x0* 164- x —16 x0* 





Thus, lim f(x)= d f(x)=8. Hence fis continuous at x = 0 only if a = 8. 
Example 22 Examine the differentiability of the function f defined by 
2x+3,1f -3€x «—2 
f(x) =; x+1 ,if -2€x«0 
x+2 if 0<x<l 


Solution The only doubtful points for differentiability of f (x) are x 2 — 2 and x = O. 
Differentiability at x = — 2. 


NowLf'(2)- lim Sth at C2) 


h0 
zs dus 2(2+h)+3-(-2+1)_ iun 2h lim 272. 
h—0* h hoo h hao 


i rione d Em — = 


h0* 


. —2+h+ł-(-2+1) 
= lim —— —— — —— 


h0 h 
A eu NT, SU 
h0* h h90* h 


Thus R f ’ (-2) + L f ' (2). Therefore f is not differentiable at x = — 2. 
Similarly, for differentiability at x 2 0, we have 


jm 7/0 f O) 


h0 h 


L (f (0- 


. O+h+1-(0+2) 
= lim ————————— 


h0 


— lim Hue lim (1-2) 
h0 h h0 h 


which does not exist. Hence fis not differentiable at x = 0. 
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2xN1- x? 








Lex 
Example 23 Differentiate tan | P | with respect to cos" , where 


«3 


Solution Let u = tan! and v = cos! |2xvN1— x 


= 











du 
du _ dx 
We want to find dy dv 
dx 
i=. T 9 T 
= qq ————— E — D 
Now u = tan r . Put x 2 sind. P~ 75 
1—sin^0 
Then u-tan!| 4 | = tan" (cot 0) 
sin ð 
TU TU TC 
— tan! 4tan| ——0 |; 2—- 0 =—~gjpn7! 
— tan | E } 5 5 sin x 
du _ —1 
Hence dy TE 


Now v 2 cos! (2x Y- x ) 
LA sin! (2x 4/1- x? ) 
2 


£ T sin-! (2sin@ /1-sin?8)- csi? (sin 20) 
TU TU 
= 57 sin! {sin (m — 20)} [since 5 <20<T| 
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- T _(n— 26)= —* +20 
2 2 
-T 
=> v= — + 2sin'x 
2 
dv_ 2 
=> dx 1-2 : 
du =! 
du dx wNl-x' _ 1, 
Hence dy dv 2 2 
dx 1—- x^ 


Objective Type Questions 


Choose the correct answer from the given four options in each of the Examples 24 to 35. 
sin x 


Example 24 The function f (x)= | * 


+cos x,if x # 0 





wif x= 0 
is continuous at x = 0, then the value of k is 
(A) 3 (B) 2 
(C) 1 (D) 1.5 


Solution (B) is the Correct answer. 


Example 25 The function f (x) = [x], where [x] denotes the greatest integer function, 
is continuous at 


(A) 4 (B) -2 

(C) 1 (D) 1.5 
Solution (D) is the correct answer. The greatest integer function[x] is discontinuous 
at all integral values of x. Thus D is the correct answer. 


l 
Example 26 The number of points at which the function f (x) = ae. is not 
continuous 1s 
(A) 1 (B) 2 


(C) 3 (D) none of these 
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Solution (D) is the correct answer. As x — [x] = 0, when x is an integer so f (x) is 
discontinuous for all x e Z. 


Example 27 The function given by f (x) = tanx is discontinuous on the set 


(A) {nt:neZ} (B) {2nn:neZ} 


T nit 
2nTD—:neZ —:neL 
(C) [ ) I | (D) | > | 
Solution C is the correct answer. 


Example 28 Let f (x)= lcosxl. Then, 
(A) f is everywhere differentiable. 


(B) f is everywhere continuous but not differentiable at n 2 nm, n eZ. 


T 
(C) f is everywhere continuous but not differentiable at x = (2n + 1) PE 


ne AZ. 
(D) none of these. 
Solution C is the correct answer. 
Example 29 The function f (x) = Ixl + lx — 1l is 


(A) continuous at x = 0 as well as at x= 1. 
(B) continuous at x = 1 but not at x 2 O. 

(C) discontinuous at x = 0 as well as at x= 1. 
(D) continuous at x = 0 but not at x = 1. 


Solution Correct answer is A. 


Example 30 The value of k which makes the function defined by 


1 
 |sin—, if x#0 
P)=4 x , continuous at x = 0 is 
k , if x=0 
(A) 8 B) 1 
(C) -] (D) none of these 


"T 
Solution (D) is the correct answer. Indeed lim sin — does not exist. 
x X 


Example 31 The set of points where the functions f. given by f (x) 2 lx — 3l cosx is 
differentiable is 
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(A) R (B) R- {3} 

(C) (0, œœ) (D) none of these 
Solution B is the correct answer. 
Example 32 Differential coefficient of sec (tan^!x) w.r.t. x is 








X X 
(A) fue 8) qug 
1 





(C) xfl+x? (D) TEE 


Solution (A) is the correct answer. 











sin! 2 tan! = du . 
Example 33 If u = 14-2 and v = l3 p then dv is 
l Leg 
A ; B® s: O iz (D) 1 


Solution (D) 1s the correct answer. 
Example 34 The value of c in Rolle's Theorem for the function f (x) = e* sinx, 
x€[0,7] is 
T 
(A) 6 (B) e (C) 2 (D => 
Solution (D) is the correct answer. 


Example 35 The value of c in Mean value theorem for the function f (x) = x (x — 2), 





x € [1, 2] is 
à) 5 NN” © = D = 
A 5 9 i$ © 5 D) 5 
Solution (A) is the correct answer. 
Example 36 Match the following 
COLUMN-I COLUMN-II 
sin 3x Faz 
(A) Ifa function f(x)= » (a) Ixl 
—, ifx=0 
2 


is continuous at x = 0, then k is equal to 


106 MATHEMATICS 


(B) Every continuous function is differentiable (b) True 

(C) Anexample of a function which is continuous (c) 6 
everywhere but not differentiable at exactly one point 

(D) The identity function i.e. f(x) 2 x VxeR isa (d) False 
continuous function 

Solution A c, B d, Coa,Dob 


Fill in the blanks in each of the Examples 37 to 41. 


1 


Example 37 The number of points at which the function f (x) = log lx! 1S 


discontinuous 1s 
Solution The given function is discontinuous at x = 0, + 1 and hence the number of 
points of discontinuity is 3. 


ax+lif x21 


. is continuous, then a should be equal to 
x+2if x«l 


Example 38 If f (x) -| 


Solution a= 2 
Example 39 The derivative of log „x w.r.t. x is 


1 
Solution (log,,¢ =. 





_ | Jx 41 | Vx -1 dy . 
Example 40 If ¥ = Sec s | + Sin | A | , then pu. equal to 
Solution 0. 
Example 41 The deriative of sin x w.r.t. cos x 1s 
Solution — cot x 


State whether the statements are True or False in each of the Exercises 42 to 46. 


Example 42 For continuity, at x = a, each of zm f CO and am f(x) is equal to f (a). 


Solution True. 

Example 43 y = lx — Il is a continuous function. 

Solution True. 

Example 44 A continuous function can have some points where limit does not exist. 
Solution False. 

Example 45 Isinxl is a differentiable function for every value of x. 


Solution False. 
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Example 46 cos Ixl is differentiable everywhere. 


Solution True. 


5.3 EXERCISE 
Short Answer (S.A.) 


1. Examine the continuity of the function 


f(x) =x +2x*-latx=1 


Find which of the functions in Exercises 2 to 10 is continuous or discontinuous 


at the indicated points: 
f) 3x4 5,1f x22 
x)= 
» x^, if x«2 
at x=2 
2 — 
247 3X A TES 
4, f (x= x-2 
5, if x=2 
at x=2 


PAAA if x0 
X 


6. f= 
0, if x=0 
at x = 0 
M 
——., if x#0 
(x)= 1 
8. f l+e* 
0, if x=0 
at x = 0 


10. f (x)=|x[+]x-]] atx = 1 








UNT d 
3. f (x)= x 
5, if x=0 
at x=0 
lx—4| 
, if x#4 
5.  fQ)242(x-4) 
0, if x=4 
atx =4 
|x—a|sin , if x0 
7. f (x)= x—a 
0, if x=a 
atx=a 
" 
—,if0O<sx<l 
9, f (x) = 


2x? -3x if 1«xx2 


atx= 1 
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Find the value of k in each of the Exercises 11 to 14 so that the function fis continuous 
at the indicated point: 


2*9? _16 l 
we FAS ot en ete 7a ues 
= al x— = — = 
11.J ** 2k , if x>5 12. f (x) 4'—16 at x 
k > U x2 


ubt kx 7 yl-kx P —]€ x«0 


ECOL i 
13. tx-0 
MS if 0€ x«l at x 
PN 
iio 420 
14. f (x)= i atxz0 
2 f x=0 


15. Prove that the function f defined by 


x 
——z, x#0 

f =x |x]+2x 
k ; x=0 

remains discontinuous at x = 0, regardless the choice of k. 


16. Find the values of a and b such that the function f defined by 


x—4 





[x—4) +a , if x<4 

pes 

f (x)=) a+b fw =4 
X +b ,if x>4 
xe 


is a continuous function at x = 4. 


17. Given the function f(x) = x42" Find the points of discontinuity of the composite 


function y = f (f (x)). 
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1 
18. Find all points of discontinuity of the function f (t)= , where -a . 


144-5 x= 


19. Show that the function f (x) = sin x+cos x | is continuous at x = m. 


Examine the differentiability of f, where fis defined by 
xx] „if O<x<2 
fœ) = 


s: Ge PIS 
atx = 2. 
Dunt „if x #0 
21. f@-= a 
0 Sf x=0 
at x = 0. 


l-x „if x<2 


Bes Que ia df x>2 


at x = 2. 
23. Show that f (x) = Ix | is continuous but not differentiable at x = 5. 


24. A function f: R — R satisfies the equation f(x + y) 2 f (x) f (y) for all x, y ER, 
f (x) # 0. Suppose that the function is differentiable at x = 0 and f’ (0) = 2. 
Prove that f (x) = 2 f (x). 


Differentiate each of the following w.r.t. x (Exercises 25 to 43) : 


g7 
25. pcos x 26. E 27. log (x+ x? +a] 


X 


28. log | log (log e )| 29. sinyx+cos? Vx 30. sin” (ax? +bx+c) 


i 1 
31. cos (tan x+1] 32. sinx? + sin?x + sin?(x2) 33. Sin | Ji 


34. (sinx) 35. sin"x . cos"x 36. (x+ 1% € 25 F 3» 


110 


37. 


39. 


40. 


41. 


43. 


MATHEMATICS 


_4{sinx+cosx | -T T {| [l—-cosx T T 
cos | —— = |, — < x < -— 3g tan ,——«x«— 
VŽ 4 4 1+cos x 4 4 


_] TU TU 
tan (secx+ tan x),— 2 ^ 





| acos x—bsin x T T a 
tan | ———— — — |, ——«x«-—and-tan x > -1 
bcosx+asin x 2 2 b 


oe a ae eee apah 34x | c1 x, E 
Ax)? 3x | J2 42. aà!—3ax!] 43 3 


tan ! ES | -]«x«l,xz0 


d 
Find e of each of the functions expressed in parametric form in Exercises from 44 to 48. 
X 


44. 


46. 


47. 


48. 


49. 


50. 


51. 


x=t+ 


~ | = 


1 1 E 1 
— — 7 = 0 6+— 5 =e 0—— 
,y=t 45. ("> E | j y j 


x = 3cos0 — 2cos?6, y = 3sin@ — 2sin°0. 





f Ny- 2t 
D 1-68 ^ 


2 
sın X — ——3—.; 
1+ 





1+] +2] 
= ogt -— PER 


2 ? 





t t 
dy —ylogx 
— pCOs2t — psSin2t — = 
If x = e” and y = e". prove that dx xlogy ` 


dy b 
If x = asin2t (1 + cos2t) and y = b cos2t (1-cos2r), show that E: |. prn 
4 


_, dy T 
If x = 3sint — sin 3f, y = 3cost — cos 3t, find pn at t = 3 
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x 
52. Differentiate — w.r.t. sinx. 
sin x 


V1+x -1 


53. Differentiate tan“! " w.r.t. tan! x when x z O. 


d 
Find = when x and y are connected by the relation given in each of the Exercises 54 to 57. 
x 
54. sin (xy) + 3 =x- y 
55. sec (x + y) = xy 
56. tan! (x +y)=a 
57. (x4 y)yzxy 
dy dx 
58. If ax? + 2hxy + by? + 2gx + 2fy + c = 0, then show that a . 


S dy. x—y 
— —— >= 
59. If x=e” , prove that 7" 





xlogx' 


2 

X. | „yx dy (l*logy) 

60. If Y 5€  , prove that 7-—-. — 
dx log y 


y tan x 


jus qx) 


$ dy 
, show that ;- 


61. If y=(cosx dx ylogcosx-l' 


dy sin'(a- y) 
62. Ifx sin (a+ y) - sina cos (a + y) = 0, prove that ———— ——. 
dx sina 


d E : 
63. If J1—x? + 4J1— y^ =a (x — y), prove that P 2 


2 
64. Ify-tan x, find = in terms of y alone. 
X 
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Verify the Rolle's theorem for each of the functions in Exercises 65 to 69. 
65. f(x)=x(x- 1) in [0, 1]. 


T 
66. f(x)-sin*x + cos^x in DH : 
67. f(x)-log (X + 2)-1og3 in [-1, 1]. 
68. f(x)2x(x-3)e"" in [-3, 0]. 
69. f= Jj4— x? in [- 2, 2]. 
70. Discuss the applicability of Rolle's theorem on the function given by 


2 : 

x'—Lif OS x<l 
fG)- 9 

3—X,df IS x€2 


71. Find the points on the curve y = (cosx — 1) in [O, 27%], where the tangent is 
parallel to x-axis. 


72. Using Rolle's theorem, find the point on the curve y 2x (x 4), x e [0, 4], where 


the tangent is parallel to x-axis. 


Verify mean value theorem for each of the functions given Exercises 73 to 76. 
1 


73. f(x)= Aged in [1, 4]. 
74. f(x) =x -2x°-x+4+3 in (0, 1]. 
75. f(x) =sinx — sin2x in [O, 7]. 


76. f(x)= /25—x in [1, 5]. 


77. Find a point on the curve y = (x — 3)’, where the tangent is parallel to the chord 
joining the points (3, 0) and (4, 1). 
78. Using mean value theorem, prove that there is a point on the curve y = 2x? — 5x + 3 


between the points A(1, 0) and B (2, 1), where tangent is parallel to the chord AB. 
Also, find that point. 


Long Answer (L.A.) 
79. Find the values of p and q so that 


80. 


81. 


82. 
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9 : 

x -3xctp,if xxl 
f= po 

qxt+2 Qf x »1 


is differentiable at x = 1. 


If x".y" = (x + y)", prove that 


2 








~ 4ay_y a Y. 
(1) de ox and (ii) F 
| | d'y dy 5 
If x = sint and y = sin pt, prove that (122) —- -x —-*p'y-0. 
dx dx 

dy x^ +1 
Find —, if y = x" + 
ind ^, ify-x r 


Objective Type Questions 


Choose the correct answers from the given four options in each of the Exercises 83 to 96. 


83. 


84. 


85. 


2 
If f(x) = 2x and g (x) = = +1 , then which of the following can be a discontinuous 





function 
(A) f(x) +g @) (B) f(x) -8 (x) 
g(x) 
© fo. ga) (D) Fo 
_ 4 
The function f (x) = Tax 1S 


(A) discontinuous at only one point 

(B) discontinuous at exactly two points 
(C) discontinuous at exactly three points 
(D) none of these 


The set of points where the function f given by f(x) = |2x = | sinx is differentiable is 


I 
(A) R (B) R- zl 
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86. 


87. 


88. 


89. 


90. 


91. 
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(C) (0, œ) (D) none of these 
The function f (x) = cot x is discontinuous on the set 

(A) Ix2nm:ne Z} (B) {x=2nT:ne Z} 
(C) [xc Qn ne z) (iv) [iine z) 


The function f (x) = e" is 

(A) continuous everywhere but not differentiable at x = 0 
(B) continuous and differentiable everywhere 

(C) not continuous at x = 0 

(D) none of these. 


1 
If f (x) = x^ sin— , Where x + 0, then the value of the function f at x = 0, so that 
X 


the function is continuous at x = 0, 1s 
(A) 0 (B) -1 
(C) 1 (D) none of these 


f TU 
mxtl ,if x<= 


. . Tt 
If f= , 1S continuous at x = 5 , then 
sin x+n, if x v 


(A) m=1,n=0 (B) m= +1 
mj TU 
(C) n= (D) manan 


Let f (x) = Isin xl. Then 
(A) f is everywhere differentiable 
(B) f 1s everywhere continuous but not differentiable at x 2 nī, n € Z. 


(C) f is everywhere continuous but not differentiable at x = (2n + 1) 2 : 
ne ZF. 
(D) none of these 


1-x’ 


oa dy . 
If y 2 log In: } then d is equal to 
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Ax? —4x 

(A) 1x (B) ]-x* 
l -4x 

(C) 4— xf (D) Tm 


d 
If y= sin x+ y , then p is equal to 














COS X COS X 
(A) 3,21 (B) 1-2y 

sin X sin x 
(C) 1-2y (D) 2y-l 


The derivative of cos! (2x? — 1) w.r.t. cos^!x is 


(A) 2 (B) 


(C) (D 1-2 


x 
d^y 
If x= £, y= f, then EE is 


3 3 
(A) > (B) 4 
3 3 
O > (D) | 


The value of c in Rolle's theorem for the function f (x) 2 x? — 3x in the interval 


[0, 3 lis 


(A) | (B) -1 
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ty | 0» 


l 
(C) (D) 5 


1 
96. For the function f(x) =x + v x € [1, 3], the value of c for mean value theorem is 


(A) 1 (B) 43 
(C) 2 (D) none of these 
Fill in the blanks 1n each of the Exercises 97 to 101: 


97. An example of a function which is continuous everywhere but fails to be 
differentiable exactly at two points is 


98. Derivative of x? w.r.t. X? is 


T 
99. If f (x) = lcosxl, tel - : 
T 
100. If f (x) 2 lcosx — sinx |, then f’ 3) = 


dy 1 1 
Sl —at|—,— |N 
101. For the curve Jx+ y-l, dx (4 à is 


State True or False for the statements in each of the Exercises 102 to 106. 
102. Rolle’s theorem is applicable for the function f (x) = lx — 1l in [0, 2]. 
103. Iff is continuous on its domain D, then | fis also continuous on D. 
104. The composition of two continuous function is a continuous function. 


105. Trigonometric and inverse - trigonometric functions are differentiable in their 
respective domain. 


106. If f .g is continuous at x = a, then f and g are separately continuous at x = a. 


“a © <i 


